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1. INTRODUCTION

Finding the zeros of a nonlinear equation, f(x) = 0, is a classical problem of numer-
ical analysis. Analytic methods for solving such equations rarely exit, and therefore,
one can hope to obtain only approximate solutions by relying on iteration methods.
For a survey of the most important algorithms, some excellent textbooks are available,
see [4,8,10]. The classical Newtons method

T T )
n

n=0,1,2,.... (1.1)

Being quadratically convergent, Newton’s method is probably the best known and most
widely used algorithm. Time to time the method has been derived and modified in a
variety of ways. One such method derived from Newton’s method by approximating the
derivative with non-derivative term of difference quotient is Steffensen’s method [9,11].
The method requires two evaluations of function and is quadratically convergent. The
interesting iterative scheme is Steffensen’s method that has the following form:

Tn4l = Tn — S ()
n - n I
In order to control the approximation of the derivative and the stability of the iteration,

a Steffensen’s type method has been proposed in [2], this approach is based on a better
approximation to the derivative f’(x,) in each iteration. It has the following form:

(f(@n + anlf(zn)lf(@n)) = f(zn))/cnlf ()| f(2n)

After that, the paper [1] has extended the above result on Banach spaces, obtained
its local and semi-local convergence theorems, and made its applications on boundary-
value problems by multiple shooting methods.
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n=0,1,2,.... (1.2)

Tpil = Ty — (1.3)
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A family of fourth order methods free from any derivative, satisfying the highest con-
vergence order were established in [12-14].

2. g-CALCULUS

In the following, ¢ is a positive number, 0 < ¢ < 1. For n € N = {0,1,...},
keZt={1,2,...} and a, ay,...,a; € C, the g-shifted factorial, the multiple g-shifted
factorial and the g—binomial coefficients are defined by

n—1 k
(@qo=1, (a;¢)n:=[[U-ad)), (a1,a2,... a0 = [[(aj;0)n,  (2.1)
§=0 j=1
and 1 +1
1 _ a 1 N ¢ .. 1 _ a—"mn
m — 1. and m _(1-a)-¢")- (14 )7 (2.2)
0lq nliq (@ O
respectively. The limit, li_>m (a;q)n, is denoted by (a;q)so. Moreover (a;q), has the

representation, cf. [5],

n

(@q)n = Y (-1F | ] "6/, (2.3)
k=0 1

The ¢g—Gamma function, [5,6], is defined by

q;4 _
D)= L= i cec <, 2.4)
9 o0
where we take the principal values of ¢* and (1 — ¢)'~*. In particular
(¢:9)

Let 1 € C be fixed. A set A C C is called a u—geometric set if for z € A, px € A.
Let f be a function defined on a g-geometric set A C C. The g-difference operator is
defined by the formula

f(z) = flgz)
D = A—A{0}. 2.5
(@)= HOLI 4 qo) (25)
If 0 € A, we say that f has ¢-derivative at zero if the limit
i 1 @a") = f(0)
n—o0 f]jq
exists and does not depend on z. We then denote this limit by D,f(0). The ¢-
integration of F. H. Jackson [7] is defined for a function f defined on a g-geometric set
A to be

,r€A (2.6)

b b a
/{1f(t)dqt ::/0 f(t)dqt—/o FE) dot, asb e A, (2.7)
where -
/0 Fdgt =3 2q"(1 - Q) f(aq"), w€ 4, (2.8)
n=0

provided that the series converges. A function f which is defined on a ¢-geometric set
A, 0 € A, is said to be g-regular at zero if

li_>m f(xq") = f(0), for every x € A.
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The rule of g—integration by parts is

[ @i @ gz = (1)@ - i (f9)aa™ - [ DigCorflan) oz 29

If f, g are g—regular at zero, the lim,_,(fg)(ag™) on the right hand side of (2.9) will
be replaced by (fg)(0). The two variable polynomial ¢, (x,a), z,a € C, are defined to
be
a" (a/z3q),, x#0,
vo(z,a) =1, ¢@p(z,a):= (2.10)

n(n—1)

(-)"q 2z a", z=0.

In [3], Annaby and Mansour gave g-Taylor series in the following forms

n—1 k
_ Dq f(a) ]- v n
f(z) = kZ:O 7Fq(k n 1)<pk(x,a) -+ T, () /a n—1(w,qt) Dy f(t) dgt. (2.11)
n-l re-1) D¥ f(ag™F)
fla) =3 (-1 ST (a0
=0 Ty(k+1) (2.12)
1 T
S ., Er D) dt
3. A ¢-STEFFENSEN-SECANT METHOD
In the following we set e, =z, — a, €, =y — a, 2, = Tp + qf (Tn),
Yn = — f(20)/ f[2n, 2a], where fla,b] = L0,
A _ Daf(a) ol —a)Dyf(a) —a*(l—q)*(1+q)D5f(a) 3.1)
[q(2) Iq(3) Lq(4) ’ '
Dif(a) a(l—q)(2+q)Djf(a)
B=-1 4 , 3.2
re 0 32
and
D; f(a)
C= qu(4) : (3.3)

Now, we state and prove our g-Steffensen-secant Theorem with fourth order conver-
gence.

Theorem 3.1. Let f : D — R be a real-valued function with a root a € D, D C R, and
let xo be closed enough to a. If D]qf(x), k=1,2,3 exist, and Dy(a) # 0, then

T _ - f[xna yn] - f[zngyn] + f[zn, l‘n]
n+1 = Yn f2 [CL‘n, yn]

f(yn), n €N, (3.4)
s fourth-order convergent, and satisfies the following error equation

eni1 = ATTB(1+ qA)|AT1C(1 + qA) — A72B(3 + 2qA + 2¢*°A?) | e + O(e?), neN.
(3.5)
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Proof. Using the Taylor expansion in (2.11), we have

flan) =
qu(a) Dgf(a
Ty Ty T e 36)
3¢(q Tn
DF(:]EEL))@n —a)(xy, — qa)(xy, — q2a) + Fq1(4) /a v3(a, qt)Dgf(t)dqt.
Rearranging the above equation again gives:
f(xn) = Aen, + Be2 4 Ce + O(el), (3.7)
that is
f(zn) = f(-rn + Qf(xn)) =
1 Tn+qf(zn) D,f(a)
ol (a0 DY (2t + % a0 f )
DD b o)) — g0t af )
D; f(a) 2
W(xn —a+ Qf(wn))(xn —qa+ Qf(xn))(xn —qa+ Qf(xn))
e (3.8)
~ 0(eh) + 2 e+ af ()
ST (s o)) en+ o) +all - )+
D; f(a) 5
T,(4) (en + qf (zn))(en + qf(xn) +a(l — q))(en + qf (zn) + a(l — ¢7))
= Alen + qf (xn)) + Blen + qf (x))? + Clen + qf (2n))° + O(ep).
Thus,
f(zn) =
All + qAle,, + B[1 + 3qA + ¢ A%e2 + (3.9)
Ol +49A + 3¢>A* + ¢° A% + 2qB*[1 + qA]] e2 +O(eh).
Moreover,
_f(mn =+ Qf(xn)) — f(xn)
o (3.10)

=A+ B2+ qAlen, + |C[3 + 3gA+ ¢* A% + qB2] e2 +0(ed).
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Therefore,
R IC I
g(xn) T f[znamn] -
O(e}) + e, — AT'B[1 + qAle2 + (3.11)

AT2B2[1 4 qA][2 + qA] — qAT'B? — ATIC[2 4 3¢A + ¢* A% |€3.

Consequently,
f(yn) = f(xn - g(xn)) =
D, f(a) D f(a)
E) (xn —a— g(zn)) + T,) (xn —a— g(xn)) (T — qa — g(xy))
D3f(a
+ 20  — aglen) o — 40— g — P ale)
n—g(an)
swm ) elewDiod
e (3.12)
= 0(el) + P e = gt +
D; f(a) )
m(en —g(xn))(en +qf(xn) +a(l —q))+
3 a
D e st en — aten) +all = e —gte) +all = )
= A(en — g(xn)) + Blen — g(xn))* + Clen — g(xn))” + O(ep).
This means
fyn) = O(ey) + B[1 + qAle;—
[A‘lBQ[l + qA][2 + qA] — qB% — C[2 4+ 3¢A + qZAQ]} e, (3.13)
and
el =0(el) + A71B[1 4 qA]e? —
[A232[1 +qA][2 + qA] — qAT'B? — ATIC[2 4+ 3¢A + qQAQ]} e (3.14)
On the other hand
gl (3.15)
=A+ Be, + [C + A7'B%[1 + qA]} e2 +0(ed).
Hence
f2[xna yn] = O(ei)_F
(3.16)

A%+ 2ABe, + |2AC + B*[3 + 2qA]] e + [QBC +2A71B3[1 + qA]] e
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But

Fzn) = Fln)
47 (ea) + 9(za)

A+ B(1+qgA)e, + [C’(l 4+ qA)? + AT B(1 + 49A + 2qA2)] e2 +0(ed).

f[zm yn] =
(3.17)

So that

H(a;n) _ f[yn, fEn] _fé[étla’yg;j]‘f’ f[Zn,xn] _

A7+ [AQC(l +qA) — A3B(3 +2¢A + 2q2A2)] e+ (3.18)
[ —2A73BC(2+ qA) + A™*B*(5 + 3¢A + 4q2A2)] e3 +0(ed).
If we multiply H(x,) by f(yn) we get

H(.%'n)f(yn) = H(.%'n)f[ym a]e; =

[1 - [A‘l(?(l +qA) — A2B(3+2¢A + 2q2A2)} 2+ (3.19)

[ —2A72BC(2 + qA) + A3 B%(5 + 3¢A + 4q2A2)} ed + O(ei)] er.
Taking in consideration that z,41 is nothing but y, — H(zy)f(yn) we get
Tnt1 =Yn — H(2n) f(yn)

T [1 " [Alc(l +qA) - ATB(3+2¢A + 2q2A2)] ent (3.20)

[ —2A72BC(2 + qA) + A3B*(5 + 3¢A + 4q2A2)} e + O(ei)] er.
Thus
entl = [A_IC(l +qA) — AT2B(3 + 2qA + 2¢*A%) + O(en)} elel
(3.21)

= A7'B[1 + ¢4] [Alc’(l 4+ qA) — A2B(3 + 2qA + 2q2A2)] er +0(ed).

This completes the proof. O

In order to compare our new method with Steffensen’s method, we give the following
example.

Example: In this example we take

f(z) = cos(z) — .

The root of f(z) is a = 0.7390851332. Then the sequence {x,},
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Tn4+1 = Yn

qf*(2n KCOS Yn) — %) Ey(ay) + qu(:L‘n)]

Ban) + 5| | (coston) = costen) ) Byon) + ar(en)|

) o) | ((c0s) = 0 ) Eytan) + a(20)

Bulan) + 5| | (coston) = coston) ) ) + ar(on)] N

is fourth-order convergent, where

Eq(zy) = cos <q cos(zp) + (1 — q)xn) — (14 q) cos(zp) + gz

o cosan) - )

Ey(zn)

Yn = Tpn —

Taking zg = 0, for ¢ = 0.5, we find

T xT9 I3 Ty
Our’s 0.8617217519 0.7399567610 0.7390851885 0.7390851332
Steffensen’s  2.175342650 0.76343368  0.7613122807 0.7595358304

Taking zg = 1.1, for ¢ = 0.9, we find

xr1 X2 xs3 T4
Our’s 0.7063822168 0.7388491909 0.7390851206 .7390851333
Steffensen’s 0.8296038833 0.8040964255 0.7902498570 0.7814206993

Taking xg = 1.35, for ¢ = 0.001, we find

T X9 X3 T4
Our’s 0.8144712303 0.74139713209 0.7390873914 0.7390851090
Steffensen’s  0.7429374052  0.7428816874 0.7428275625 0.7427749629
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